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Let n — 2 k be the length of the broadcast cycle of the RBO broadcast scheduling protocol 
(see pQ, [2]). Let lb and ub be the variables of the RBO receiver as defined in [2]. We show 
i ^ i that the number of changes of lb (the left-side energy) is not greater than fe + 1. We also show 

that the number of changes of rb (the right-side energy) is not greater than k + 2. Thus the 
t-H extra energy (denned in [2]) is bounded by 2k + 3. This updates the previous bound from [2] 

^ which was 4k + 2. 

in 
o 

1 Introduction 

In this report we prove precise upper bound on the extra energy (defined in [2]) used by the RBO 
receiver. RBO broadcast scheduling protocol has been introduced in [1] and [2]- Following the 
description from [2], the general operation of RBO could be shortly outlined as follows: 
. . A powerful broadcaster broadcasts repeatedly a broadcast cycle. The broadcast cycle is a 

sequence of n = 2 k uniform messages. Transmission of each message occupies a single time-slot. 
Each message contains a key, the index of the key in the sorted sequence of all keys and possibly 
some other information. The broadcast cycle is a sequence of the messages sorted by the keys and 
permuted by fc-bit reversal permutation. 

On the other hand the receiver has a limited source of energy. It has to keep its radio switched 
off most of the time to save energy. The receiver may start at arbitrary time slot during the 
broadcast cycle and is interested in the reception of the messages with the keys from some given 
interval [«', k"]. It uses two variables: lb and ub, initiated to zero and n— 1, respectively, such that 
the indexes of the keys from [«',«"] are contained in [lb,ub]. The receiver switches its radio on 
whenever a message with the key with the index from [lb, ub] is transmitted. If the key is outside 
[k 1 , «"], then the receiver updates either lb or ub and the unit of energy used for its reception is 
accounted to so called extra energy. After at most n time slots, the interval [lb, ub] contains only 
all the indexes of the keys from [n 1 , k"]. We show that the extra energy is bound by 2k + 3. This 
updates the previous upper bound from [2 which was 4fc + 2. 
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and monitoring of threats" , a project financed by the European Union via the European Regional Development Fund 
and the Polish state budget, within the framework of the Operational Programme Innovative Economy 2007-2013. 
Ref. No. POIG.01.03.01-02-002/08-00. 
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2 Notation and preliminaries 



Let TL denote the set of integers. Let R denote the set of real numbers. For simplicity and 
generality, we assume that the keys are from R. By [a, b] we denote the interval of real numbers 
{x G R | a < x < b}. By [[a, b]] we denote [a,b] H TL (i.e. interval of integers between a and b). 
For a finite set S, we denote the number of its elements by Empty set is denoted by and we 
have min0 = +00 and max0 = —00. 

For x > 0, x G S, let birij(a;) denote the sequence of i digits that is binary representation of 
a;mod2 l (e.g. bhi4(5) = (0101) - sequence of zeroes and ones in parenthesis denotes binary repre- 
sentation). For a sequence a that is a binary representation, {a) 2 denotes the number represented 
by a. Thus (bin^a;)^ = a;mod2 l . Let bin(x) = bmn g2 ( x+; m (x), (Note that bin(0) = bin (0) is 
an empty sequence and, hence, for empty sequence a, we have {0)2 — 0.) For binary representation 
a, 

• a d denotes the concatenation of d copies of a (e.g. (I) 4 = (1111)), 

• rev a denotes reversal of a (e.g. rev(Ol) = (10)), and 

• \a\ denotes the length of a. 

For two binary representations a and j3, a(3 denotes the concatenation of a and f3 (e.g. (01) (11) = 
(0111) )• 

For x G Wi, let revfc(x) = (revbinfc(x))2. Note that rev^(a;) is the number with binary represen- 
tation that is a reversal of the fc-bit binary representation of x mod 2 fc . Thus, revfe(x) G [[0,2 fc — 1]]. 
Note that, if k > 0, then revfc(l) = 2 fc ~ 1 . For a set S C S, revfe S denotes the image of S under 
revfc, i.e rev^ S — {revk(x)\x G S}. 

Let n denote the length of the broadcast cycle, n = 2 fe , for integer k > 0. Let K-i, Ko, . ■ ■ , K n -i, « 
be a sequence defined as follows: 

• K_! = —OO 

• K n = +OO 

• KQ,...,K n -i is a sorted sequence of n finite real values of the keys transmitted in the 
broadcast cycle (i.e. re, < for —\<i<n—l). 

Let KEYS = {k , . . . , K n -i}. KEYS is the set of all values of the keys transmitted in the broadcast 
cycle. 

2.1 Outline of the RBO protocol 

Here, we shortly remind the version of the protocol described in [2]: 

Broadcasting starts at the time-slot number zero. The broadcaster, at the time-slot t, broad- 
casts the message with the key with the index revfe(i). The receiver, requesting the keys from 
[k',k"], where —00 < n' < k" < +00, has two variables lb and ub initialized to and n — 1, 
respectively. The receiver may start at arbitrary time slot s, and executes the following algorithm: 

• In time-slot t, if lb < revfe(i) < ub, then the receiver receives the message with the key 
« = K rov fc (t) and 

— if k < k 1 , then it sets lb to revfc(i) + 1, 

— if k" < k, then it sets ub to rev^(i) — 1, 

— if k' < k < k" , then it reports reception of the key k from [k' , k"] 

— if lb > ub, then it reports that there are no keys from [k' , k"] in the broadcast cycle. 
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2.2 Notation and preliminaries related to the analysis of the protocol 

We fix n, k and s as follows: n — 2 k is the length of the broadcast cycle, and s is the time-slot 
when the RBO receiver starts. W.l.o.g. we assume that s £ [[0, n — 1]]. 
Let r' and r" be defined as follows: 

• r' = min{r £ [[0, n]\ \ k' < n r }, and 

• r" = max{r £ [[-1, n - 1]] | n r < «/'}. 

For each r £ [[r', r"]], we have n r £ [«;', «;"]. If [«', «"] n KEYS = then, for some r £ [[-1, n - 1]], 
we have n r < k' and k" < K r+ i and r' = r + 1 and r" = r. If [«/, «/'] n KEYS 7^ then, since 
—00 < k! < k" < +00, we have < r' < r" < n — 1. Note that r' and r" are the final values of 
the variables lb and ub, respectively. 

We also define of the values: U, k, and the sets: Y i: X i} Yij, and Xij as follows: t = s and, 
for i > 0, 

• k — max{Z < k I U mod 2 l — 0} (i.e. k is the length of the longest suffix of zeroes in binfc(tj)), 

• t i+1 =U + 2 1 ', 

• r i = [[t i ,t i + 2'«-l]] ) 

• Yj = rev fe Yi, 

and, for i > 0, for j £ [[0, k}], 

• Vij = + [V~ 1 \,U + 23 - 1]] (in other words: Y ifi - {U} and, for j £ [[1,/,]], Y itj = 
[[ ti + 2i-\ti + 2i -1]]), 

• X it j = revfe Yij. 

We also define index last as follows: last = min{z > 0|/, = k}. 

Yi and Yij are intervals of the time-slots after s — 1. The infinite sequence of the time- 
slots t s ,t s+ i, ... is partitioned into the intervals Yq,Yi, . . ., and each Yi is partitioned into the 
intervals Y i}0 , . . . ,Y it i.. Y, and X it j are the sets of indexes of the keys transmitted during the 
corresponding intervals of time-slots. Note that, if s ^ 0, then for i £ [[0, last —1]], Yi C [[0, n — 1]], 
and Yi as t = [[n, 2n — 1]] , and if s — 0, then last = and Yj ast = [[0, n — 1]] . We have s + n — 1 £ YJ as t 
and, until the time slot s + n — 1, all the elements of the broadcast cycle are transmitted to the 
receiver. Note also that [[0, n— 1]] contains a disjoint union of the sets Y , . . . , Yi ast _i, and 
^last — [[0, n — 1]], and each Y, is a disjoint union of the sets Y i , • • ■ , ^i,h- 

Since all fc-bit binary representations of Y, have the same suffix of length k — li, we may 
define Pi as follows: For i £ [[0, last]], let the sequence of bits fa be such that = k — U and 
minY, - revfcfe) = ((0)^ft) 2 . Note that X t = {(bin(a;)ft)2|a; £ [[0.2 1 * - 1]]}. 

For i £ [[0, last —2]], the sequence contains prefix fi (0), so let at be such that /3j = 

(1)^-^(0)^. 

Note that maxY, = ((l) Zi /3i)2 and, if i + 1 < last, then j3 i+1 — (l)aj. Note that /3i as t-i — 
(l^iast-Ziast-i an d l^^l = 0. Anyway, for i £ [[0, last -1]], we have ft = (l) l *+ 1 ~ l *'y, where 
(7)2 < (ft+i)2- Thus we have proven the following lemma: 

Lemma 1 If i £ [[0, last— 1]] and ft = p-f, where \-f\ = |ft+i|, then (7)2 < (ft+i) 2 - 

Consider the binary representations of the elements of Xij: Note that, for i £ [[0,last]], for 
j £ [[0, li]], we have x £ Y i; j if and only if either j = and bin fc (a;) = (0) (i ft or j £ [[1, ^]], and 
bin fe (a;) = p(l)(0)'*-Jft, where (p) 2 £ [[O,^'- 1 - 1]]. 

We also define the following infinite extensions of the sets of indexes: For i £ [[0, last]], let Xj = 
{x £ TL I imod2 k - 1 - = (ft) 2 }- Note that X 4 n [[0,n- 1]] = Y 4 . For i £ [[0,last]], for j £ [[0,^]], 
let Xij = {x £ E I a;mod2' £ -J = ((0)^^'ft) 2 }. Note that Xjj n [[0, n - 1]] = Uj'e[[o,j]] ^j'- 
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By left-side energy (respectively, right-side energy) we mean the number of changes of the vari- 
able lb (respectively, ub). Let lb t (respectively, ub t ) be the value of the variable lb (respectively, 
ub) just before the time slot t. By the protocol, lb t = max ({0} U {rev fc (i') + 1 < r' | t' G [[s, t - 1]]}) 
and ub t = min ({n - 1} U {revfe(i') - 1 > r" | t' e [[s, t - 1]]}). 

For t > 0, let L t = {lb t+1 -1} \ {lb t -1} and let U t = {ub t+ i +1} \ {ub 4 +1}. If the value of lb 
(respectively, of ub) has changed in the time slot t, then L t (respectively, Ut) contains the index 
rev/ £ (t), otherwise it is empty. Hence, no index can appear in more than one of these sets. The 
left-side energy is equal to | \J t>s L t \. The right-side energy is equal to | \J t>s U t \. Note that, for 
t ^ \[s, s + n — 1]], we have L t — U t = 0. 

We consider only the case k > 2. (Otherwise, the sum of the left and right energy is bound by 

3 Left-side energy 

Let t' = min{< e [[s, s + n — 1]] | lb t+ i > 0}. Note that t! is the first time slot, when lb is updated. 
If r' > 0, then t' < oo. 

Let vn! i ■ = max{lb t+ i — 1 | t 6 Yi.j}- Note that is cither —1 or the maximal index 
that updated the value of lb before the time slot maxY^ + 1, and m'ij = lb max y —1. Let 

m 'i = m 'i,h- 

Lemma 2 mf id = max ({-1} U{i£ Ui'e[[o,i-i]] X *' u Uj'e[[o,j]] x i,j' I x < r '}) ■ V *' = s > then 
< d > o. 

Proof m' itj = lb max y t j+1 -1 = max({-l} U {rev fe (<') < r' \ t' E [[s,maxY id ]]}) and {rev fc (t') | t' e 
[[s,maxYij}]} = Ui' 6 [[o,i-i]] X v u Uj/ 6 [[oj]] X ^f- 

If t' = s, then lb s+1 -1 > 0. □ 

Let p' i} — max{x e | a; < r'}. Note that either p ■ } < or p\ d e Uo<y<j ^j'- ^ 
Lemma[2j m-j- > p^-. Let p- = max{ir € X, | x < r'}. By Lemma[2j > p\. Let x- = |p.-/2 fe ~ (i J . 
Note that, by definition of X^, we have x\ > —1. 

Lemma 3 Ift' = s, then, for i e [[0, last]], for j <G [[0, k]], [j teYl ■ L t £ {Pi,j} n X i,j- 

Proof The case j = 0: We have U tgy . ^t ^= If r ' < m in^i,o then \J teYi = 0- 

Otherwise, since |Xj | = 1, we have minXj = niaxXj < f' and, since r' < n and X i = 
Xj, n [[0,n - 1]] , we have X 4 , = {p' lfi }- 

Induction step: For j e [[0,^ — 1]], since p[ ■ + 2 k ~i > r', we have X id+1 n [[p- ■ + l,r' — 
1]] C {p^ + 2 fc -J- 1 }- K Pi,j + 2 fe_J " 1 < r', then p' l J+1 = p 1 ^ + 2 k ^-\ otherwise X iJ+1 fl 
[b'ij + 1,V ~ !]] = 0- Since' OT^- > p-^ and Ute^ j+1 ^ ^ n [[ m 'i,j +l,r' - 1]], we have 

U v : : {/'!.,.. i ! -V-, :- ' □ 

Lemma 4 If t' = s, then \ Utgy — + 1- 

Proof The lemma follows from Lemma [3| since Y = Ujeffo i ]l ^°<o an( I' f° r 3 e [[0>^o]]j 
IU te y 0iJ ^l<l- ^ " □ 

Lemma 5 If t' = s, then, for i £ [[0, last —2]], | Utey +1 Lt \ < h+i — U- 

Proof Note that - k > 1. Recall that m \ > p < = 2 fc "' 1 • a;- + (ft) 2 , A = (l)' i+1_ ' 1 (0)^ and 
&+1 = (l)Oi. 



4 



Consider the case: r' < (bin(x- + l)(0)' i+1 -''/3 l+ i) 2 . Then 

U L t c x m n[K + iy-i]] 

ter i+1 

C X m n[^ + l,r'-l]] 

C {2 fc -'-x: + ((l)^^/3 l+1 ) 2 }, 

since ^ = 2 fc -'- • + ((l^-'^OjaOa > 2 fc ~' 1 • + ((l)^+i-^- 1 (0)A+i) 2 and r' < (bin^ + 
l)( )'i +1 -'^ i+1 ) 2 . 

Consider the case: (bin(^ + l)(0) h+1 ~ li /3 i+1 ) 2 < r'. Since 

• 2 k ~ l > • x'i + ((0) h+1 - ll fr+ih < Pi, and 



• (bin(x< + 2)(0)^+ 1 -^/3 l+1 ) 2 > (bin(^ + (0)^)2 = (bin(a^ + l)ft)a > r', and 

• each x € Uie[[o,2 4 ]] nas binfc(ai) = £(0) i!+1 ~''/3i+i, for some f, 
we have 

|J X l+U n M + iy- 1]] - {(bin(x' t + l)(0) l ^-'«A+i)a}- 
ie[[o,k}] 

Hence, m< +1)! . > (bin ;i (^ + l)(0) / *+ 1 -'-/3 l+ i) 2 , and, since Uje[[o,i«]] U G y I+1J L t Q U/ e [[o,/ 4 ]] X i+hl n 
M + 1]], we also have | U e[ [o,/,]] Uen+i,; L *' - L 

By Lemma|3| for each I e [[Z, + 1, ^+1]], we have | {J tf z Yi+1 , Lt\ < 1. 

Moreover, if | Uie[[o 1 J t+1 -i]](Uey 4+1 ,, = k+i ~ **, then ' m i+i,i 4 e Uie[[0,/ 4 ]] Uter,^,, 
and, for each Z e [[Z; + l,Z»+i - 1]], e X i+U n [[ 

m 'i+i i—i + 1,?"' — 1]]- The only such 
case is m' i+ll . = (bin(x- + l)(0) k+1 ~ k l3 i+ i) 2 , and, for each I e [[Z, + l,Z i+ i - 1]], to- +u = 
(bin(^ + l)(iy- li {p) lt + 1 -% + i)i. In this case, since (bin(^ + p i+1 ) 2 > (bm(x' z + 

(0)oi)a = (bin(^ + l)A)a > r', we have X i+1<k+1 n [[mj +1)1<+1 _ 1 + - 1]] - and, 
hence, | U fe y s+1 , ii+1 L «l = °- D 



Lemma 6 //last > and t' — s, then \ {J teYlt t Lt\ < Ziast ~ 'last— l- 

Proof If r' < (bin(a;; ast _ 1 + l)(0)' Ust_ilMrt -^a, then, since > Kast-l = 2'< ast_/l » Bt - 1 • 

^ast-i + (( 1 )' last_ilast - 1 )2, wehzveX last n[[m[ ast _ 1 + l,r>-l]] = <l>, and, hence | |J te y IaBt L t \ = 0. 
Otherwise, we have the case: (bin(x[ ast _ 1 + l)(0)' last ~ ilast - 1 ) 2 < r'. In this case 

(J x lasttl n [[ P [ ast ^ + iy- 1]] = {(M^U-i + i)(o) ,l -- ,1 -- 1 ) 2 }, 

J£[[0,!i«t_i]] 

since 2 fc -^-i-x; ast _ 1 +((0)^+^ / -)2 <p; ast _! and (bin« st _ 1+ 2)(0)'— ) 2 > (bin« st _ x + 
1)(1) W-^ t - l)2 > r >. Hence, W^o,^]] U e y lasM U\ < 1 and nC^., > (hm(x> + 
l)(0)'«-'- , «-'- 1 )a. By Lemma g for Z e [[Ziast-i + Miast - 1]], we have \ {J t&Y . +i i L t \ < 1. 
Moreover, if I U ie [[o,i last -i]](Ui e r JasM = 'w - hast-i, then roj^t^.j = (bin(a;; ast _ a + 
l)(iyiast-i-/i«rt-i(o)) 2 and, since (bin(x; ast _ x + l)(l) ; iaBt-'ia 5t -i) 2 > r ' ) we h ave 

Jftart.iu.t n [Kast Aast -i + 1, - 1]] - 0. 

□ 

Lemma 7 | U t>s L t | < k + 1. 

Proof If i' ^ [[s, s + n - 1]] then f = 00 and r' = and | U t>s L t | = < fe + 1. 

Otherwise t' £ [[s, s + n— 1]]. Note that w.l.o.g. we may assume that tf = s, since | [j t>s L t \ = 

I Ut>t' So, let us assume that t' — s. We have | [j t>s L t \ = X)'=o I UteY; By Lemmas |ij 

§ andg E'=o I U* 6 yi ^1 < ^ + 1 + - 2i) = but + 1 < + 1. □ 
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4 Right-side energy 

Let t" = mm{t G [[s, s + n — 1]] | ub t+ i +1 < n — 1} (i.e. the first time slot when ub is updated). 
If r" <n-l, then t" < oo. 

Let m"j = min{ub t+ i +1 | t G Yij}. Note that jto" ■ = ub max y; j+ i +1. Let m'/ = m" ; .. 

Lemma 8 = min ({n} U {.t G Ui'e[[o,»-i]] X v u Uj'e[[o,j]] X hj' I r " < &}) ■ V l " = s , then 
m'fj <n-l. 

Proof The proof is similar to the proof of Lemma [2j □ 

Let p"j = min{x G Xjj | r" < x}. By Lemma [8j m" tj < p'-j. Let p'( = min{x G Xj | r" < x}. 
By Lemma [8j m'( < p". Let x'{ = [p"/2 k - k \. Since r" > -1, we have p" > and a# > 0. 

Lemma 9 I/i" = s, then, for i G [[0,last]], for j G [[OJJ], [j teY[ . C7 t C {p^.} n 

Proof The proof is similar to the proof of Lemma [3j □ 

Lemma 10 If t" = s then | \J teYf) U t \ = l. 

Proof Note that t" = s = to = minYo and revfe(minlo) = niinXo. □ 

Lemma 11 If t" — s, then, for i G [[0, last —2]], | U*gy +1 < max{Z,+i — h, 2}. 

Proof Recall that — Z,- > 1 and that m'{ < p" = (bin (x' i ')/3i)2- Thus, we have (x" — 1) • 
2 k - 1 ' + (/3i) 2 < r". Recall that & = {Q)a t and = (l)a,. 

Consider the case: r" < (bin(x")(0) li+1 ~ li /?i+i) 2 . We show that in this case \J teY U t C 
{a, b}, where a = (bin«)(0)''+ 1 - / - A+i) 2 and b = {x'( - 1) • 2 k ^ + ((l) i *+^ i * / 8 i+1 ) 2 . 

First, note that U^o,^]] U e y i+liI ^ C Ui g[[ o,i,]] n IK + 1. m i ~ Vi\ and < p'(. We 

have Ui£[[o,i 4 ]] X i+hl ^ and the only x G such that {x'( - 1) • 2 k ~ h + (/3j) 2 < a; < 

(bin(x")/3i)2 is a; = (bin(a;")(0) i4+1_ii /3i + i) 2 = a. (Note that this also implies m'- +1 1 , < a.) 

Second, note that Uj 6 [[j <+ i,i« + i]] U e r i+lll U t Q B > where B = Ue[[Z i+ i,/ i+1 ]] X i+hl n W" + 
l,mf +lii .-l]]and, since «-l)-2 fe -^ + ((l)'>+ 1 -'-(0)a l ) 2 < r" and m'! +l>l . < (hm{x'!){ti) 1 ^- 1 * 
we have ' B C {« - 1) • 2 fe ~'' + ((l) / *+ 1 - i '/3 l+1 ) 2 } = {b}. 

Consider the case: (bin«)(0)' i + 1 ~ / >A+i) 2 < r". We have \JteY z+1 U t ^ C > where C = X l+1 n 
[[r" + l,m^-l]]. Since (bin«)(0) i '+ 1 - ; '/3 l+ i) 2 < r" and mj' < p'( < 1 (bin(sJ / )(l) ,1+1_,< A+i)2, we 
have C = {(bin«) 7 A+i)2 | 111 = - ^ A ( 7 ) 2 G [[1,2'*+^^ - 2]]}. Since, for 7 - (0)^+^-^, 
(bin«)7A+i)2 ^ C, we have C C U; e [[i <+ i,i i+1 ]] Thus, U^o,/,]] Ue^,, ^ = 0- % 

Lemma[9j | U/ei^+i,^!]] Ut e y !+1 ,i u t\ < ~ ^- Tnu s, | Ui e y I+1 ^1 < h+i ~ h in this case. □ 

Lemma 12 J/ t" = s and < last, then | Uteii t — ^last — 'last-i- 

Proof Recall that m'^^ < p'U^ - (bin« st _ 1 )(l)'i-t-«i„t -i) 2 . We have r" > {x'U^ - 
1) • 2 k ~ ' Iast - 1 -\- ((l)' last— ' last _1 ) 2 

Consider the case r" < (bin(x^ st _ 1 )(0)' laat_i '" t - 1 ) 2 - Then r" = (s^st-i ~ 1) 1 2 fc ~' 1 "'- 1 + 
((^W-Wt -i) 2 and; since rev fc (min{i G H as t | r" < rev fc (t) <p[' ast _ 1 }) = (bin(a; / / a8l ._ 1 )(0) i i- t -^- 1 ) 2 = 
r" + 1, we have UteYi t ^* — ^ r " ^ ^ n °* ner words: the first time slot i in yi ast such that 
r" < rcv fe (i) < Pi ast _ 1 Ts such that rev fc (i) = r" + 1.) 

Otherwise, we have the case (bin(x[^ st _ 1 )(0) Zlast_ ' last - 1 ) 2 < r" . We also have m" aBt _ 1 < 
( bin « s t - 1 ) ( 1 ) ' last " ilast " 1 ) 2 ■ Thus , 

|J U t C {(bin« st _ 1 ) 7 )2 I |7l = h as t - ii«t-i A ( 7 ) a > 0}. 
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Hence, U f6 y last U t C Uz e[[ ; last _ 1+ i,i last ]] *W Thus, Uieip^-j] U e y la8t ,, ft = 0- By Lemmag 
I U;e[[i last _ 1+ i,; laat ]] Uter i+1 ,i ^1 ^ hast - ilast-i- 

Thus, in any case, | \JteY last U t\ < max{l, Z last - Z last _ x } = Z last - Z last _ x . □ 

Lemma 13 // i" = s and, for some i G [[0, last -1]], > (bin(a;")( )' 4+1_i<_1 ( 1 ))2 and 

\UteY +1 Ut\ > k+l - h, then \{JteY i+1 U t\ = h+i ~ h and < +1 = (bin(<)(0y<+ 1 -'*- 1 (l)) 2 and 
m i+i =Pi+i- 

Proof We have - U > 1, and (bin(x'/)(0)''+ 1 - i '/3 l+ i) 2 < (bm« +1 - l)/3 i+ i) 2 < r" < p'( = 
(bm(x / /)(l)'*+ 1 - Ji 7) 2 , where | 7 | = \p i+x \ and, by Lcmma[l] ( 7 ) 2 < (ft+i) 2 . 
We have 

U U U ^+i, i n[[r" + l,r<-l]] =0, 

ie[[o,/i]]ien+i,i ie[[o,ii]] 
since (bin(a#)(0)' 4 + 1_i< A+i.)2 < r" and < p" < (bin(a# + l)(0)' 1 + 1 ~' l /3. i+ i) 2 . Thus, we have 
m "+i,k = m i- 

Consider the case | U ie[[i . +1 ;. +i] j U tey . +i ( U t \ > k+i-k- By Lemma 9j for each / G [[k+l, k+l]}, 
\JteY i+1 ,i u t ^ {Pi+i,j}- Thus we have ' for each 1 e ilk + hk+i]], UteY i+lil u t = {p'I+iA and > 
hence, I Uie[[J ( +i,/ <+ i]] Uten+i,i = ~ Tllis im P lies tnat ' for eacn ' € [[k,k+i - 1]], 
m i+l,l > m i+l,l+l = Pi+l,l+V 

We have pj' = (bin«)(l)^+ 1 -^ 7 ) 2 < (bin«+l)(0) ii + 1 -' i /3 i+ i) 2 and (bin(x , /)(0) i '+ 1 - i 'ft+i) 2 < 

■'i+l./i+l 



r". Thus, = (bin«)(l)(0) Zl + 1 "''" 1 /3 l+ i) 2 . Note also that, for I G + - 1]], we 

have that if pj'* * , = (bin«)(0)'- ( '- 1 (l)(0)' I+1 "'A+i)2, then 



K+u+il (J ^ 

teii+i,i+i 

c ^i + i,mn[[r" + i,p'/ +w -i]] 

c x m>/+1 n [[(bin(4)(Q)' <+1 - ,i A+i)2 > u4 / +i,i - !]] 

= {oi+i}, 

where a ;+i = (bin(x")(0)'~ /i (l)(0) /i + 1 ~ / ~ 1 /3i + i) 2 , and, hence, ;+1 = a;+i. Thus, by induc- 

tion, we have < +Mi+i = < +1 = (bin«)(0)^+^^- 1 (l)) 2 . □ 

Lemma 14 J/ i" = s and, for some i G [[0, last — 1]], ii+i = k + 1 and |Utey +1 = 2, i/ien 
> 0, x" > and (bin(x-' +1 )) 2 = (bin(x" - 1)(1)) 2 and m" +1 = p" +l . 

Proof If k — and = 1, then, we have i = (only Y may have size 2°) and, since t" = s, 
m'! € X u and, since k > 2, for some a, X ( = {((l)(0)a) 2 } and X l+1 = {((Q)(l)a) 2 , ((l)(l)a) 2 } 
and ((l)(l)a) 2 > m" = ((l)(0)a) 2 and, hence, | (J teYi+1 u t\ < 1. Thus, we have k > 0. 

If < = 0, then m'{ < p'( = minXj = ((0)' I /3. i ) 2 , where (3, = (1)7 and | 7 | = and, by 

Lemma [IJ ( 7 ) 2 < (ft+i) 2 . Thus m'{ < ((0)'<(l)ft+i) 2 and, hence, \JteY +1 U t £ D [[r" + 

~ !]] ^ {((0) z, (0)/3 4+ i) 2 } = {minX i+ i}. Thus we have < > 0. 

We have r" > (bin« - l)ft) 2 > (bin« - l)(l)(0) fc - / *- 1 ) 2 > a,, where a* = (bin« - 
l)(0)A+i) 2 , since (A) 2 > ((l)(0)*-' < - 1 )2. 

We have p" = (bin(a;-')/3 i ) 2 < b i; where &» = (bin(a;-')(l)/3i + i) 2 , since = (1) 7 , where | 7 | = 
I and, by Lemma [l] 7 < f3 l+1 . 

If r" > (bin«-l)(l)/3 l+1 ) 2 , thenU te y l+1 U t C X m n[[r" + 1,6^-1]] C {(bin«)(0)A +1 ) 2 }. 
Thus, we have < r" < (bin(x" — l)(l)/?i + i) 2 . In this case, 

|J X i+1J r\[[r" + l,m'{-l]} C |J X i+1 ,,n[[oi + l,6i-l]] 
;e[[o,i 4 ]] ie[[o,i 4 ]] 

= {(bin«)(0)/3 4+1 ) 2 } 
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and [J le[[h+Ui+l]] X l+U n [[/' + l,tf +hh - 1]] C {(bin« - l)(l)ft +1 ) 2 }. Hence, | \J KYi+1 0i| = 2 
implies that p'( +1 = p" +1M+1 = (bin« - l)(l)/3. i+ i) 2 and mf +1 = p'! +v □ 

Lemma 15 If t" = s and, for some i € [[0, last —2]], = (bin(x" — 1)(1))2 and m" +1 = 
and, /or some d such that d > and i + 2 + d < last, we have, for each c £ [[0,d]] ; | UteF +2 + — 
Ji+2+c - ^ t +i+c; ^en, /or each c E [[Q,d]}, we have \\JteY i+2+c u t\ = h+2+c - k+i+c < 2 and 
<+2+ c = ( bin «+i)7i+i ■ • -7j+i+c)2, w/iere 7j = (0)(l)^+ 1 - i ^ 1 , and r< +2+c = p'/ +2+c . 

Proof 

Note that — U = 1. We have = (bin(x-')/?i)2 = (bin(a;- / )(l)(0)ai)2- Hence, we have 
r" > (bin« - l)ft) 2 = (bin« - l)(l)(0)oi) 2 = (bin« +1 )(0)a 2 ) 2 . 

Note that (0)ai = . ..^ast-i, where 7l+1+c = (o)(l)'«+ 2 +.-'«+i+.-i. 

The fact that r" > (bin(cc" +1 )(0)ai) 2 implies that, for arbitrary c g [[0,last— 1 — i}], 

x" +1+c > {h\n(x'l +1 ) ll+ i . . . 7 l+c ) 2 (1) 

as follows: 

We have A+i+c = (l) il+2+c ~ i!+1+c 7i+2+c ■ ■ -7iast-i- Hence, for x" = (bm(x" +1 )j i+1 . . .7 l+c ) 2 , 
we have 

2 lft+1+cl • (x" - 1) + (A + i+c) 2 < 2lA+^«l.a/ / + (7 < +i+c...'yW-i)2 

= (bin(x-' +1 )7i + i . . .7^-1)2 
= (bin« +1 )(0)«,)2. 

Thus p'l +1+c = rmn{x € X. i+1+C |.x > r"} > 2^*+ 1 +=l ■ x" + (A+i +c ) 2 and, hence, x'( +1+c > x" . 

To start induction, note that x" +1 = (bm(x" +1 )7i + i . . . 7 i+o) 2 , where 7^+1 . . . 7^+0 is an empty 
sequence. 

Induction step: We have c £ [[0, d]], and 

• x i+i+c = (bin« +1 )7 i+1 . ..7i+c)a, and 

• I UieY i + 1+c — '«+2+c - 'i+l+c- 

Consider the case: /;+ 2 + c — ^+i+ c = 1- Then 7 i+i+ c = (0). We also have 

(bm(V/ +1 )7 J+ i . . . 7l+c /3 l+ i +c ) 2 = p" +1+c = m '/+i+ c > 

where /3 l+ i +c = (l)7*+2+ c ■ • -Tlast-i- N °te that ((l)ft+ 2+c ) 2 > ft+i+ c . Since | U te y i+1+C > 1> 
we must have m^' + i+ c > m i+2+c e ^"i+2+c- Since (bin(x^ +1 )7 l+ i . . . 7i+c(l)A+2+c) 2 > w" +1+c) 



and, by Equation 

^'+2+c > (bin(sf +1 )7i+i . . . 7l +i+ c ) = (bin(^' +1 )7i+i . . .7 i+c (0)) 2 , 

we must have 

m i+2+c = Pt+2+c = (bin(^-' +1 )7i+i . . . 7! : +c (0)/3 4+2+c ) 2 . 

Hence x" +2+c = (bin(a;" + i)7i+i . . . 7l+ i +c ) 2 . By Lemma 14 we also have | \JteY i+1+c u t\ = l - 

Consider the case: k+2+c — li+i+c = 2. Then 7 ,:+i+ c = (01). Since, by Equation (jlj), x" +2+c > 
(bin(x" +1+c )(01)) 2 , and | Ut e y i+2+c u t\ > h+2+c - k+i+c, we have, by Lemma 



i + 2 + 



13 



i+2+c = (bin(x l+1 ) 7 , + i . . . 7 i+c (01)) 2 
= (bin«+i)7i+i ■ ■ • 7«+i+c)2 

and p'- +2+c = m'l +2+c and | U* e y l+2+c U t \ = k+2+c - k+i+c- 

Consider the case: l i+2+c ~l i+1+c > 2. Then 7i+ i +c = (0)(1) 9 , where q = / l+2+c -/ l+ i +c -l > 1. 
Since, by Equation dll, < +2+c > (bin(a;" +1+c )(0)' ? (l))2 and | \JteY i+1+c U t\ > h+2+c ~ k+i+c, we 
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have by Lemma 
also 



13 



-i+2+c 



= (bin(x")7j+i . . . 7i +c (0) 9 (l))2- However, by Equation (fil), we have 



"+2+c > (bin(x-' +1 )7, + i . . . 7 4+ i +c ) 2 

= (bin(x;' + i)7, + i---7, + c(0)(l) 9 ) 2 
> {Un(x'l +1 ) ll+1 ... ll+c (0y{l)) 2 , 



which is a contradiction. Thus the case Zi+2+ c — h 



> 2 is not possible. 



□ 



Lemma 16 | \J t>s U t \ < k + 2. 



Proof If t" <jL [[s, s + n- 1]] then t" = oo and r" =n-l and | |J t>s U t \ = 0. 

Otherwise t" £ [[s, s + n — 1]]. Note that w.l.o.g. we may assume that t" = s, since | \J t>s U t \ — 



| U t >t» U t \. So, let us assume that t" = s. We have | U t > s U t \ = El=o I U e y !+1 U t \ = \ \JteY a u < 



E!=o _1 I Uten +1 U *\- ^ Lemma 10 I Ueic U t \ = 1 < h + I- 



Let V = {i e [[0,last-l]] | \ \Xer i+1 u t\ > h+i ~ h}- By Lemma 12 V C [[0, last -2]]. By 
Lemma fill if « S V, then k + i —1^ = 1 and |lJtey +1 ^tl = 2- By Lemma 14 if i g y, then 



(bm« +1 J] 2 = (bm«-l)(l)) 2 . 

If \V\ < 1, then |Ut> s ^l = IU e y„ ^| +Ei=o~ X I U e y <+1 ^1 < («o + 1) + ££S -1 (l<+i - U 
1 < fe + 2. 

Consider the case |V| > 1: 

Let i £ V \ {max V} and let i' = min{j £ V \ j > i}. 
Let d = max{c | | \J teY ^1 > 'i+2+c - Zj+i+c}- 



Consider the case z + 2 + tf > i' + 1: By Lemma 15 we have | Ujgr., = k'+i — ^' ■ However 



this is contradiction with i' G V. Thus we have shown that there must be i" , such that i < i" < i' 
and | {J teYi „ +1 u t \ < h"+i ~ h"- 

Thus ES 1 I UteY i+1 U t \<l + Ei=o _1 ft+i _ l i) and > hence, | Ut> s U t \ < k + 2 also in the 



case \V\ > 1. 



□ 



5 Bound on the extra-energy 

Theorem 1 The extra-energy of RBO receiver is not greater than 2k + 3. 

Proof The extra energy is equal to | U t>s Ut\ + | Ut> s ^*l> which by Lemmas [7] and 
greater than 2k + 3. 



1G 



is not 
□ 
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